Symmetry breaking by perturbations in the AdS/CFT correspondence is discussed. Perturbations of vector fields to the AdS 3 × S 3 solution of the six-dimensional N = (4, 4) supergravity are considered. These perturbations are identified as descendents of chiral primary operators of a two-dimensional N = (4, 4) CFT with conformal weight (2, 2) or (1, 1). We examine unbroken symmetries by the perturbations in the CFT side as well as in the supergravity side and find the same result: the N = (4, 2) or N = (2, 4) Poincaré supersymmetry for the (2, 2) perturbation and the N = (0, 4) or N = (4, 0) superconformal symmetry for the (1, 1)
Introduction
In the original context of the AdS/CFT correspondence [1, 2, 3] string theories or supergravities in the AdS space describe field theories on the boundary with the conformal symmetry and a large extended supersymmetry. (For a review, see ref. [4] .) To apply it to more realistic models one has to consider theories with lower supersymmetries. One should understand supersymmetry breaking in both of the supergravity side and the field theory side.
One of the approaches to obtain the AdS/CFT correspondence for lower supersymmetric cases is to modify AdS solutions of supergravities by adding a perturbation. In ref. [5] , for instance, a perturbation of the three-form flux was added to the AdS 5 × S 5 solution, which breaks N = 4 supersymmetry to N = 1. The perturbation is a solution of the linearized field equation around the AdS 5 × S 5 background. This perturbation corresponds to fermion mass terms of the three N = 1 chiral multiplets in the N = 4 super Yang-Mills theory and polarizes D3-branes into 5-branes [6, 7] . It is easy to see how these mass terms break the supersymmetry in the field theory side. Furthermore, supersymmetry breaking by the perturbation was also studied in the supergravity side [8, 9] by examining supertransformations of the fermionic fields. The results of supersymmetry breaking are consistent in the field theory side and in the supergravity side.
A similar supersymmetry breaking by a perturbation was discussed for a twodimensional CFT and its dual supergravity solution. In ref. [10] solutions of the linearized field equations of vector fields around the AdS 3 × S 3 solution of the six-dimensional N = (4, 4) supergravity were obtained. This six-dimensional supergravity is an effective theory of the type IIB superstring compactified on T 4 with the size of T 4 much smaller than those of AdS 3 and S 3 . By adding these solutions of vector fields as a perturbation the N = (4, 4) superconformal symmetry of the twodimensional dual field theory is broken. A preliminary analysis in the supergravity side showed that there are cases in which it is broken to N = (4, 0). In contrast to the above AdS 5 × S 5 case the physical meaning of the perturbations in the field theory side is not clear in this case. By this reason supersymmetry breaking in the field theory side was not studied in ref. [10] .
The purpose of the present paper is to study supersymmetry breaking by the perturbations in this model in more detail. We first identify operators of the twodimensional CFT corresponding to the perturbations of the supergravity solution.
The relation between operators of the CFT and linearized solutions of the supergravity was studied in refs. [11, 12, 13, 14] . We use these results to find that the perturbations correspond to certain descendents of chiral primary operators of the N = (4, 4) superconformal field theory, which have conformal weight (h,h) = (2, 2) or (1, 1). We then examine breaking of supersymmetry as as well as of bosonic symmetries by perturbations of these operators in the CFT side. We find that the unbroken symmetry is the N = (4, 2) or N = (2, 4) Poincaré supersymmetry for the (2, 2) perturbation, while it is the N = (0, 4) or N = (4, 0) superconformal symmetry for the (1, 1) perturbation. Finally, we examine symmetry breaking in the supergravity side by studying supertransformations of the fermionic fields. The unbroken symmetries are in complete agreement with those in the CFT side. The result in this paper may be regarded as another non-trivial evidence in support of the AdS/CFT correspondence.
In the next section we review the AdS 3 × S 3 solution of the six-dimensional N = (4, 4) supergravity and its symmetries. In sect. 3 we give the perturbations around this solution obtained in ref. [10] . In sect. 4 we first identify operators in the CFT corresponding to these perturbations. Then, we examine unbroken symmetries by the perturbations in the CFT side. In sect. 5 we examine unbroken symmetries in the supergravity side and show that they precisely coincide with those in the CFT side. In Appendix we give our conventions of SO(4) and SO(5) gamma matrices used in the text.
AdS 3 × S 3 background
We first recall the AdS 3 × S 3 solution of the six-dimensional supergravity. The six-dimensional N = (4, 4) supergravity [15, 16] (5) symmetry, and the indicesμ and α,μ andα are identified, respectively. The local supertransformation of the fermionic fields [16] * in this background becomes
where the transformation parameter ǫ +α and ǫ −α are SO(5)-symplectic MajoranaWeyl spinors. ΓM are gamma matrices of the six-dimensional Lorentz group SO(1,5), while γ a , γ˙a are those of SO(5) × SO(5). The field strengths of the tensor and vector fields are defined as 
where Ω αβ and Ωαβ are antisymmetric SO(5) charge conjugation matrices (See Appendix.). * There are several misprints in ref. [16] . The left-hand sides of eq. The AdS 3 × S 3 solution has a metric
and a self-dual field strength with non-vanishing components
where
r 2 , and dΩ 2 3 is the metric of S 3 of unit radius. We have split the six-dimensional world index as M = (µ, i) (µ = 0, 1; i = 2, 3, 4, 5). The antisymmetric ǫ µν and ǫ ijkl are chosen as ǫ 01 = +1 = ǫ 2345 . S a is a constant vector of unit length S a S a = 1. We choose S 5 = 1 and S a = 0 (a = 1, 2, 3, 4) without losing generality. The constant parameter R denotes the radius of AdS 3 and S 3 . The metric (2.4) gives a vielbein and a spin connection as
whereμ,ν, · · · andî,ĵ, · · · denote local Lorentz indices. It is convenient to decompose the six-dimensional gamma matrices ΓM as
whereγμ andγî are gamma matrices of SO(1,1) and SO(4) respectively, and we have definedγ
We use the explicit representations of the SO(4) gamma matrices given in Appendix.
The AdS 3 × S 3 solution (2.4), (2.5) has bosonic and fermionic symmetries. The rigid SO(5) × SO(5) symmetry is broken to a rigid SO(4) × SO(5) by the nonvanishing value of H a + ∝ S a in (5, 1). The first factor SO(4) ∼ SU(2) × SU(2) corresponds to the automorphism group of the N = (4, 4) superconformal algebra to be discussed in sect. 4, while the second factor SO(5) will not play important role in the following discussion. The solution is also invariant under the isometry of AdS 3 × S 3 . The isometry of S 3 is SO(4) ∼ SU(2) × SU(2), which acts on x i as SO (4) rotations. This symmetry corresponds to the SU(2) × SU (2) 
where ζ µ (x ν ) is an arbitrary vector satisfying
Thus, ζ µ is a two-dimensional conformal Killing vector which is quadratic in x µ .
This symmetry corresponds to Virasoro generators L m ,L m (m = ±1, 0) in the superconformal algebra.
Finally, supersymmetries preserved by this solution are given by the parameters ǫ − = 0 and ǫ + satisfying
This condition comes from the vanishing of the supertransformations of the fermionic fields (2.1). Substituting eqs. (2.5), (2.6) into eq. (2.11) it becomes
, and γ 5 is the fifth matrix of the SO(5) gamma matrices γ a . The general ǫ + satisfying these equations is a sum of
where the suffix (±±) on ǫ + and η denotes eigenvalues ofγ 4D and γ 5 . η (±±) are two-dimensional conformal Killing spinors
, and ǫ
and ǫ
are arbitrary constant spinors with givenγ 4D and γ 5 eigenvalues. Note that η (±±) must be linear in x ± .
The boundary of AdS 3 at infinity, on which the CFT is defined, is a cylinder. We will use the coordinates of the cylinder when we discuss the CFT in sect. 4. To compare the supergravity side and the CFT side we need a relation between the coordinates x µ in eq. (2.4) and the coordinates of the cylinder τ , σ (−∞ < τ < ∞, 0 ≤ σ ≤ 2π), which is given by (see, e.g. ref. [4] )
Going to the Euclidean signature this relation becomes
where 17) and τ E = iτ , t E = ix 0 are Euclidean time coordinates. In terms of the coordinate z the conformal Killing spinors (2.14) become
where we have used the fact that η (±±) transforms as a primary field of weight − 1 2 under the conformal transformation (2.16) in the same way as for superconformal ghosts in the superstring [17] . From the expression (2.18) we see that the parameters ǫ 
Perturbations in supergravity
In ref. [10] perturbations of the vector fields were obtained which satisfy the linearized field equations around the AdS 3 × S 3 solution (2.4), (2.5). We consider the linear order in these perturbations. There is no back reaction to other fields to this order.
To show the perturbations we introduce self-dual and anti self-dual two-forms
where * 4 is the Hodge dual for the flat metric δ ij . The general forms of these two-forms are
for the self-dual case and
for the anti self-dual case, where m 1 , m 2 , m 3 are constant coefficients and we have introduced the complex coordinates
Under the isometry SU(2) × SU(2) of S 3 these two-forms transform as (3, 1) and (1, 3) respectively. In particular, the m 1 terms in eqs. (3.2), (3.3) represent the highest weight state of each SU (2) . We also define a two-form V 2 from T 2 with components
The perturbations satisfying the field equations were given in terms of T 2 and V 2 in ref. [10] . We give the field strengths G 2 of the vector fields in eq. (2.2). For the self-dual case * 4 T 2 = T 2 there are two pairs of solutions
and
Similarly, for the anti self-dual case * 4 T 2 = −T 2 there are two pairs of solutions
By the reality condition of G ij (2.3) the coefficients of T 2 must satisfy represents the vacuum expectation value of the operator [18, 19] . We will examine symmetries preserved by G
2 .
Perturbations in CFT
The AdS 3 × S 3 × T 4 supergravity background corresponds to a two-dimensional N = (4, 4) superconformal field theory [1] . This CFT is described as a deformation of the supersymmetric sigma model with a target space T 4 N /S N [20, 21] . For details of this theory see, e.g. ref. [22] . The perturbations of the supergravity solution discussed in the previous section correspond to certain operators in the CFT. In this section we identify these operators and examine unbroken symmetries by these operators. We do not need the detailed properties of the operators but the fact that they are operators corresponding to descendents of chiral primary states. 
where ǫ AB and ǫȦḂ are antisymmetric in the indices with ǫ 12 = 1 = ǫ˙1˙2, and (σ I )
A B
are components of the Pauli matrices. We use ǫ's to raise and lower indices, e.g.
For unitary representations the generators satisfy hermiticity conditions
2)
The N = 4 super Virasoro algebra for the anti-holomorphic part has generatorsL n , J
, which satisfy the similar (anti-)commutation relations and hermiticity conditions. A chiral primary state |φ 0 of the N = 4 superconformal algebra by definition satisfies
where we have defined 
The second term in |φ 2 is needed so that |φ 2 becomes a highest weight state of the Virasoro and SU(2) Kac-Moody algebras. The eigenvalues of L 0 and J 3 0 for these states are
(4.5)
there exist only |φ 0 and φȦ 1 , and no |φ 2 .
In refs. [11, 12, 13, 14] the Kaluza-Klein spectrum of six-dimensional supergravities for the compactification on AdS 3 × S 3 was obtained and compared to the spectrum of chiral primary states of two-dimensional superconformal field theories. We can identify the perturbations (3.6)-(3.9) in this spectrum. The Kaluza-Klein spectrum of the six-dimensional N = (4, 4) supergravity on AdS 3 × S 3 obtained in ref. [13] is (2) (m − 1). Namely, there is a one-toone correspondence between a representation m S and a chiral primary state with j = 1) and (1, 3) . Therefore, the perturbations G (1 ± γ 5 ) reduce the 16 components by half. Looking for short supermultiplets in eq. (4.6) which contain states having these quantum numbers we find that only supermultiplets shown in the last column of Table 1 contain those states. Explicitly, the perturbations correspond to the following states in the CFT eq. (3.6) :
) , eq. (3.9) :
To examine unbroken symmetries in the CFT side we need to know the action of supercharges on these states. From eqs. (4.4), (4.3), (4.1) we obtain
We can express these relations in terms of local operators and currents. For each state we introduce a local operator φ(z) which create the state as
where |0 is the SU(2|1, 1) invariant vacuum. We also introduce currents for the N = 4 superconformal generators
Then, the relations (4.8) lead to the OPEs
From these OPEs one can obtain commutators of the generators L n , J I n , G AȦ r and the local operators φ 0 (z), φȦ 1 (z), φ 2 (z) by computing contour integrals of z 1 around z 2 .
The operators corresponding to the perturbations in the supergravity solution are integrated operators. There is an arbitrariness in the choice of the integration measure. Since the perturbation in the supergravity side is invariant under translations of x µ , we choose the measure invariant under the translation of w in eq. (2.17) (Euclidean version of x µ ). Thus, we consider the integrated operators
where we have used the transformation property of the Virasoro primary field of conformal weight h: φ(w) = ∂z ∂w h φ(z). In eq. (4.12) we have specified only the holomorphic part of the local operators. The anti-holomorphic partφ can beφ 0 , φȦ ′ 1 ,φ 2 with the same conformal weight as the holomorphic part. Using the fact that the local operators φ 0 , φȦ 1 , φ 2 andφ are primary fields of the Virasoro algebra it is easy to see that these integrated operators indeed commute with the translation generators of w,w
By integrating the commutation relations between the generators and the local operators we obtain
Let us find unbroken supersymmetries by the perturbations. The (h,h) = (2, 2) operators corresponding to the first and third states in eq. (4.7) are
)φ 2 (w;j = 1),
).
(4.15)
Here, we have lowered the indicesȦ,Ȧ ′ by using ǫȦḂ, ǫȦ′Ḃ′. From eq. (4.14) we find that the supercharges which commute with ΦȦ′ for a givenȦ ′ are 16) where B, B ′ ,Ḃ are arbitrary andḂ ′ =Ȧ ′ . The bosonic generators which commute with ΦȦ′ are P ,P and J I 0 . To add these operators to the CFT Hamiltonian as a perturbation we should make a hermitian combination mΦȦ′ + m * Φ †Ȧ ′ , where m is a complex constant. The supersymmetries preserved by this perturbation are those preserved by both of ΦȦ′ and Φ †Ȧ ′ . Remembering the hermiticity condition (4.2) we find that the unbroken supercharges are 17) where B,Ḃ are arbitrary andḂ ′ =Ȧ ′ . These supercharges together with the translation generators (4.13) satisfy the N = (4, 2) Poincaré supersymmetry algebra
The supersymmetries preserved by ΦȦ in eq. From eq. (4.14) the supercharges which commute with ΦȦ ′ for a givenȦ ′ are In the next section we will show that the perturbations in the supergravity solution preserve the same supersymmetries as above.
Unbroken symmetries by perturbations in supergravity
Let us start from the bosonic symmetries, i.e., the isometry of AdS 3 × S 3 . The coordinate transformation of the perturbation
Our perturbations (3.6)-(3.9) have only non-vanishing components G ij and are independent of x µ .
In the case of the Killing vectors (2.9) of AdS 3 this transformation gives δG µν = 0,
For Poincaré transformations, for which ∂ ρ ζ ρ = 0, they automatically vanish. However, the invariance under all of the Killing vectors (2.9) requires
namely, G ij should lie along the S 3 directions and have r-dependence r −2 . These conditions are satisfied by the perturbations G (+) 2 in eqs. (3.7), (3.9) but not by those in eqs. (3.6), (3.8) . This is consistent with the result in the CFT side that local operators corresponding to (3.7), (3.9) have conformal weight (1, 1) and the integrated operators are invariant under the conformal transformations while those corresponding to (3.6), (3.8) Finally, let us obtain supersymmetries preserved by the perturbations. We consider the case in which only the m 1 terms in eqs. (3.2), (3.3) are present. These terms represent the highest weight state of (3, 1) or (1, 3) of SU(2) × SU(2), and corresponds to the CFT operator in eqs. (4.15), (4.19) . Therefore, we should recover unbroken supersymmetries in eqs. (4.16), (4.20) .
We shall obtain transformation parameter ǫ for which the supertransformations of the fermionic fields (2.1) vanish to the first order in G 2 . First, the condition δχ +aα = 0 require
Multiplying S a to this equation we can express ǫ − in terms of ǫ + as
We see that ǫ − is non-vanishing and of order G 2 . The condition δψ +M α = 0 gives the same condition as the unperturbed background (2.11) to the first order in G 2 , whose solution is eq. (2.13). The condition δχ −ȧα = 0 is also automatically satisfied. Supersymmetry parameters for which these transformations vanish correspond to unbroken supersymmetries. We examine the conditions (5.6) for each of the perturbations (3.6)-(3.9).
First, let us consider the perturbations G where antisymmetric ǫȦḂ and ǫȦ ′Ḃ′ are chosen as ǫ˙1˙2 = +1 = ǫ˙1 ′2′ . We also use antisymmetric ǫȦḂ and ǫȦ′Ḃ′ with ǫ˙1˙2 = +1 = ǫ˙1′˙2′.
In eq. (2.13) the supertransformation parameter ǫ + is decomposed according to eigenvalues ofγ 4D and γ 5 . Each of the components has indices as 
